EXAMPLES OF SHIMURA CORRESPONDENCE FOR LEVEL p 2 
AND REAL QUADRATIC TWISTS 



ARIEL PACETTI AND GONZALO TORN ARIA 



Abstract. We give examples of Shimura correspondence for rational modular 
forms / of weight 2 and level p 2 , for primes p < 19, computed as an application 
of a method we introduced in [5]. Furthermore, we verify in this examples a 
conjectural formula for the central values L(f, —pd, 1) and, in case p = 3 
(mod 4), a formula for the central values L(f,d, 1) corresponding to the real 
quadratic twists of /. 



Let / be a newform of weight 2. We denote L(f, s) its Hecke i-series, and for 
D a fundamental discriminant we define its twisted L-series as 



plane with a functional equation relating the its values at s and 2 — s, its central 
value being L(f,D, 1). 

In the case of prime level p, a method due to Gross [3] constructs, provided 
!/(/, 1) 7^ 0, a nonzero modular form Of of weight 3 /2 and level 4p which maps 
to / under the Shimura correspondence [8]. By Waldspurger's formula [11] the 
Fourier coefficients of 0/ are related to the central values L(f, —d, 1) for imaginary 
fundamental discriminants — d < 0, and Gross gives an explicit formula for such 
central values. 

The authors have extended Gross's method to the case of level p 2 (under a 
technical hypothesis, see §4, and cf. [7].) We show in [5] how to construct two 
modular forms <d~j and of weight 3 /2 and level 4p 2 , with character x p (n) := (£) , 
mapping to / under the Shimura correspondence. 

In this paper we outline the main ideas of our method, and conjecture a formula 
relating the central values L(f,—pd,l) for imaginary fundamental discriminants 
— pd < 0, with the Fourier coefficients of and Qj . In particular, such formula 
would imply that 0j = = if and only if 1) = 0. 

When p = 3 (mod 4), we apply this method and the conjectured formula to 
the computation of the central values L(f, d, 1) for real fundamental discriminants 
d > 0, giving an algorithm that is particularly well suited to the case where / has 
level p. The proviso here would be that L(f, — p, 1) ^ 0. 



1. Introduction 
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Finally, we give examples of this algorithm applied to the rational modular forms 
/49A, /ha, /121A, /121B, /121c, /121D, /17A, /289A, /19A, /36IA, and /36iB- The routines 
used for these calculations, which will be made available in [1], were written by the 
authors for the PARI/GP system [6]. 

More examples can be found among the data presented at the "Special Week on 
Ranks of Elliptic Curves and Random Matrix Theory" held at the Isaac Newton 
Institute, which includes the application of the latter algorithm to the rational 
modular forms of level p = 3 (mod 4) , with p < 500 [9] . 

For a different approach to computing the central values for real quadratic twists, 
which works only for prime level, see [4] . 



2. Quaternion algebras and Shimura correspondence 

Let a,b be negative integers and let H = H(a, b) be the definite quaternion 
algebra over Q with basis {l,i,j,k — ij} where i 2 = a, j 2 = b, ij = —ji. For 
i € I, we denote by Nj; the reduced norm of x, and the norm of a lattice a C H 
is defined to be Na := gcd{Na: : x e a}. 

The determinant of the quadratic form 3ST in the above basis is 16 (ab) 2 . There- 
fore, the determinant of any order C I is a rational square. Its positive square 
root will be denoted by D(O). 

We let 3(0) be the set of left Q-ideals, i.e. the lattices oCI such that a p = O p x p 
for every prime p, with x p € H* . An equivalence relation is defined on 3(0) where 

two left ideals a, b e 3(0) arc in the same class if a = bx, for some x £ H x ; we 
write [a] for the class of a. The set of all left O-ideal classes, which we denote by 
3(0), is known to be finite. 

Let M(0) be the R- vector space with basis 3(0), with the height pairing 



<[a],[b]> := 




if [a] = [fa], 
otherwise, 



as an inner product. Note that 3(0) is an orthogonal basis of this space. 
For each integer m > 1 we define Heche operators t m : M(0) — > M(0) by 

t m [a}:= Yl MM. MM*]. 

[b]eJ(0) 

where B m is the classical Brandt matrix 

B m ([a],[b]) :=#{ce [a _1 fa] : Nc = m, c integral}. 

The Hecke operators t m generate a commutative ring T and thus, by the spectral 
theorem, M(0) has an orthogonal basis of eigenvectors for T. When / is a newform 
of weight 2, say f\ T ( m ) = Kif, we set 

M(0) / := {v G M(0) : t m v = A m v for (m,D(0)) = 1}, 

to be the /-isotypical component of M(0). 

2.1. Modular forms of weight 3 /2. The discriminant of a quaternion x E H is 
defined to be Ai := (x — x) 2 . This is a quadratic form of rank 3 which we will use 
to construct modular forms of weight 3 /2. 
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Let be an order in H. We define 0(0) := gcd{Aa; : x e 0}, and note that 
Q(x) := — Ax/ 0(0), in the ternary lattice 0/Z, is a primitive, positive definite 
ternary quadratic form. Its theta series, 

e(o):=i £ 

depends only on the Z-equivalence class of the ternary quadratic form Q; in the 
examples such a ternary quadratic form will be given by its coefficients a\, a 2l 03, 
fl 23, ai3, ai2, meaning that in some basis of 0/Z, 

(1) Q(X U X 2 , X 3 ) = ai Xl + a 2 X\ + a 3 X 2 3 + a 23 X 2 X 3 + ai 3 M 3 + a 12 X x X 2 . 

We will also write Q to stand for its theta series. 

Now let a e 3(0). We set 9([a]) := 6(0 r (a)), and extend by linearity to all 
of M(0). Note that the ternary forms corresponding to and r (a) are in the 
same genus since 0, being principal, induces local isometries by conjugation. In 
particular, 0(0) = O(0 r (o)). 

Note that 0(v) is in the space M3/ 2 (N, x) of modular forms of weight 3 / 2 , level 

N = 4^|jy, and character x = ^W^l^j . Moreover, 
Proposition 2.1. The map 6 is Hecke-linear, i.e. 

@(v)| T (m 2 ) = B(t m v), 
for any m > 1 such that (m, 2D(0)) = 1. 

This means that for a newform / of weight 2, any nonzero modular form in 
0(M(O)^) will map to / under the Shimura correspondence. 



3. Gross's formula for level p 

Let / be a newform of weight 2 and prime level p, and let be a maximal 
order in the quaternion algebra ramified at p and 00. It follows from Eichler's trace 
formula [2] that dimM(O)^ = 1. Thus e/ e M(O)-^ is well defined up to a constant; 
we write 



Q f :=e(e f ) = J2c f (d)q d . 



d>i 

We also define the Peterson norm of / to be 



(/,/):=8tt 2 / \f(z)\ 2 dxdy 
Jr (N)\t> 



(JV)\f) 

Theorem 3.1 (Gross [3, Proposition 13.5, p. 179]). Let —d < be a fundamental 
discriminant. Then 

L(/,-d,l)L(/,l)=*<M_^ 



Vd (e/,e/)' 
where * = 1 if p \ d, * = 2 if p \ d. 
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4. On certain non-maximal orders and level p 2 

The aim here is to give a formula like the one in Theorem 3.1 that applies also 
to modular forms of level p 2 . Keep the notation of the previous section, except / 
is now a newform of weight 2 and level p or p 2 . Let C be the unique suborder 
of index p in 0, namely 

6 := {x £ : p | Ax}. 
We have the following result due to Pizer ([7, Theorem 8.2, p. 223]) : 



dimM(6) / = { 



2 if / is not the twist of a level p form, 

1 if / is a level p form or the quadratic twist of a level p form, 
otherwise. 



In what follows we will assume that / is not in the last case, i.e. that M(O)-^ ^ 0. 
Clearly, D(6) = p 2 , but 0(6) = p, and we have o(M(6)) C M 3 / 2 (4p, x p ). Thus 

9(M(6) / ) = unless / is a level p form. 

We now investigate suborders of index p in 0. One can prove that any such order 
contains Z+pO; conversely, any of the p+1 lattices 0' such that Z+pOCO'CO 
is an order. Let x £ 0' such that x £"L + pQ. Then 

A x/p^ 



P 

is well defined and nonzero, and we call a the sign of 0'. The orders 0' split in two 
local conjugacy classes: of sign +, and of sign — . 

The space M(O') depends only on the sign of 0'. Thus, wc fix + and 0~ to 
be two such orders, with signs + and — respectively. In what follows a will denote 
either + or — . Note that D(0 CT ) = p 3 , Q(0 a ) = p and so we have Hecke-linear 
maps 

6 :M((T) M, h (Ap 2 ,K p ). 

The space M(0 cr ) is too big for our purposes, since it represents weight 2 modular 
forms of level p 3 ; indeed dimM(O cr ) = 0(p 3 ), compared to dimM(6) = 0(p 2 ). 

For a £ 3(6) the CT -subideals of a are the fa £ J(0 CT ) such that fa C a and 
Nb = Na. It can be proved that the number of O^-subideals of a is exactly p and, 
moreover, that they all have the same right order. Thus, we can define Hecke-linear 
maps 

Q a : M(6) -» M 3/2 (4p 2 ,^ p ), 

given, for [a] £ 3(6), by 

0"([a]) := 0([fa]), 

where fa is any O^-subideal of a. 

If <T (M(0)-' 7 ) = 0, we let to be any nonzero vector in M(O)-^. Otherwise, 
it follows from the strong multiplicity one theorem of Ueda ([10, Theorem 3.11, 
p. 181]) that dimO cr (M(6)^) = 1, and thus there is, up to a constant, a unique 
ej £ M(6) / orthogonal to kerO CT . We write 
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Let us also introduce the rational constant 

.1 if / is not the twist of a level p form, 
£*/:=-•< if / is the quadratic twist of a level p form, 

k p + 1 if / is a level p form. 

Conjecture 4.1. Let d be an integer such that —pd < is a fundamental discrim- 
inant, and such that (j^j = a. Then 

L(f,-pd,l)L(f,l) = a f ^^ C ^ 



pd <e?,e?> 



5. An Algorithm for the Real Quadratic Twists 

Assume now that p = 3 (mod 4), and let / be as before a newform of weight 2 
and level p or p 2 . Let /* be the twist of / by the quadratic character of conductor 
p. For any positive fundamental discriminant d, we have 

L(f,d,s) = L(f*,-pd,s). 

Thus, the formula of conjecture 4.1 would be able to compute the central values 
of L(f,d,s) for positive fundamental discriminants d prime to p, provided that 
L(f*,l) = L(f,-p,l)^0. 

The algorithm consists on computing the Brandt matrices for and finding the 
eigenspace M(O)-^ . When / has level p there is a better algorithm for computing 
M(O)-^*, by exploiting the two linear maps 

• V : M(0) -» M(6) given for a G 3(0) by 

V>([a])= £ [b], 

b subidcal 

where the sum is over all 6-subideals of a, i.e. the ideals b G 3(0) such that 
b C a and = Na. This map commutes with the Hecke operators, and 
thus 

M(6) f = ip(M(0) f ). 

• ip : M(6) -» M(6), given, for b G J(6) by 

¥>([*>]) = X (b)[b] forbGJ(O), 

where x(b) is the sign of b (namely x(b) := ^W/^W ^ for a; G b such 

that p{ (3\f(x)/ 3\f(b)), sec [7, Proposition 5.1]). This map corresponds to 
twisting by the quadratic character of conductor p; hence 

M(6) r = <p(M(G) f ). 

Thus, it will be enough to compute the Brandt matrices for to find M(O)-^, 
and M(6) r = <p(ip(M(Q) f )). This is a big improvement since dimM(O) = 0(p), 
while dimM(6) = 0(p 2 ). 
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O-ideals 


O-subideals 




+ genus 


— genus 




^ = (1,7*,^,^*) 

b 1 ,3 = (7,3 + i, 7 ^, 10 + i + fc ) 
b li4 = (7,5 + i,Z±i,i^) 


+ 
+ 




or 
Q2 
Q2 

Qi 



Table 6.1. Maps 6 + and 6 - from the O-Ideals to ternary 
quadratic forms in the + and — genus respectively, level 7 2 . 







0,2 


03 


023 


013 


012 


Qt 


1, 


28, 


56, 


-28, 


0, 





Qt 


4, 


8, 


49, 


0, 


0, 


-4 


Qt 


8, 


9, 


25, 


2, 


4, 


8 


Qi 


12, 


12, 


13, 


-8, 


-8, 


-4 


Q2 


5, 


17, 


17, 


6, 


2, 


2 



Table 6.2. Coefficients of ternary quadratic forms, level 7 2 . 



6. Example: level 7 2 

Let H = H(— 1,— 7), the quaternion algebra ramified precisely at 00 and 7. A 
maximal order, having a unique left ideal class, is given by 

, n A . 1+i i + k\ 



Its index p suborder is given by 

6 _/i,™,i±i,«±* 



incquivalent 0-subideals for the 0-idcal are show in Table 6.1. 
We fix two index p suborders of 

o- = ( 1 ,n 1 -±Il 1 + 7i + s ' + k 



in the + and — genus respectively. Table 6.1 shows the maps from 0-ideals to 
ternary quadratic forms of level 7 2 in the + genus and in the — genus, computed via 
+ - and 0~-subideals respectively. The actual coefficients of the ternary quadratic 
forms are given in Table 6.2, with the notation as in (1). 

6.1. /49A- By computing the Brandt matrices for 0, we find the space M(0)^ 49A of 
dimension 2, spanned by 
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J 

a 


c f (d) 

J49A v J 


T 1 £ 7 1 \ 

M/49A,a, 1) 


7 

d 


c hJ d ) 


T 1 £ 1 1 \ 

M/49A,a, 1) 


1 


1 


0.966656 


109 


2 


0.370355 


8 


-2 


1.367058 


113 


-4 


1.454965 


29 


2 


0.718014 


120 


4 


1.411891 


37 


2 


0.635669 


137 


2 


n oono/io 

0.330348 


A A 
44 


U 


n nnnnnn 
U.UUUUUU 


141 


-4 


l.oUZ0l4 


c o 
00 





n nnnnnn 
U.UUUUUU 


1 in 

149 





n nnnnnn 
U.UUUUUU 


57 


L) 


U.UUUUUU 


156 


A 

4 


1 OO O O 1 1 

1.Z38311 


60 


4 


1.990 7 lb 


165 


-4 


1 on a r\a c 
l.ZU4UOD 


/"* c 
00 


-2 


0.479596 


172 





n nnnnnn 

0.000000 


85 


-2 


n /i 1 non a 

0.419394 


177 


o 

-8 


4.650131 


o o 
88 


-4 


1.048 fo4 


184 


-4 


i a a none 
1.14UzU5 


no 
9z 


4 


l.ulz493 


i no 
193 


n 
U 


n nnnnnn 
U.UUUUUU 


no 

93 


-4 


1.603801 


1 (17 

197 


u 


n nnnnnn 

0.000000 


d 


Cf (d) 

J49A v ' 


L(f 49A ,d, 1) 


d 


c /w( d ) 


L(f 4gA ,d, 1) 


5 


-1 


0.864603 


97 


-l 


0.196298 


12 


2 


2.232396 


101 


-l 


0.192372 


13 


1 


0.536204 


104 


4 


3.033229 


17 


1 


0.46889 f 


1 O A 

1/4 


-4 


2.777804 


24 


-2 


1.578542 


129 


4 


2.723498 


33 


-2 


1.346185 


136 


2 


0.663120 


40 





0.000000 


145 


2 


0.642211 


41 


1 


0.301933 


152 


-2 


0.627249 


61 


1 


0.247535 


157 


-3 


1.388656 


69 


-2 


0.930974 


173 


1 


0.146987 


73 


-3 


2.036493 


181 


1 


0.143702 


76 


-2 


0.887064 


185 


-4 


2.274238 


89 


3 


1.844376 


188 





0.000000 



Table 6.3. Coefficients of ©y 49A (top), ©j 4gA (bottom), and central 
values for / 4 qa 



and 



[bx,x] - [bx,z] - [b 1>3 ] + [bx, 4 ] 



with heights ( e ^ , e^ a ) = 2 (e faQa ,e fjo4 ) —2. Using table 6.1, we see that 



'/49A ' / 



6 /49A - Ql Qt, 



and 



Table 6.3 shows the values of c f -^{d) and L(/ 4 gA, — 7d, 1) = L(/ 4 gA,d, 1), where 
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O-ideals O-subideals 



genus 



genus 



b 1 , 1 = (l,lH,i±i,ii^) 
b 1 , 2 = (ll,5 + z,i^,i^) 



(11,9 



K 3 

bi l5 = (11,10 



(n,4 + ;. 

(11, ic 
bj.,6 = (11, 3 + z, 



2 ' 
11+.? 


2 

20+i+fc 


2 ' 


2 


11 +3 


4+i+fc \ 


2 ' 


2 / 


fl+j 


10+i+ 


' 2 

11+.; 


' 2 
14+i+fe 



(22,14 + 21,^^,™^)' 
(22,8 + 2i,i^±i ; 34+|i+i) 



>4 + 



Qi 
Q 2 " 



fa 2 , 3 = (22,12 + 2?; 



23+2-t+j 



(2,22? 



3+22i+j 



2 + ll; + fc 
2 



18+3-t+fc 
i 



Q. 



Qi 



Table 7.1. Maps 6 + and 6 - from the O-Ideals to ternary 
quadratic forms in the + and — genus respectively, level ll 2 . 



< d < 200 is a fundamental discriminant such that 7 \ d. The formula 

T(t 7rl U T(f J 1\ h C J^L I 1 if (f)=+l 
M/49A, -"d, 1) = L(/ 49A , d, 1) = fc/ 49A — -j= < if (dj = _ x 

is satisfied, where 

fc / 4 9A = 7 ' ^ 49A '^ 49A ^_ = 0.9666558528084057733665384189 = L(/ 49 a, 1). 
4 L(/ 4 9A, l)v 7 

7. Example: level ll 2 

Let H = H(— 1, —11), the quaternion algebra ramified precisely at oo and 11. A 
maximal order, and representatives for its left ideals classes, are given by 

« / 1+j i+k 

3 + 2i + j 2 + 3i + k 



2,2i, 

Its index p suborder is given by 



= (Mli ,l±2,Hi±i 



inequivalent O-subideals for each 0-ideal are show in Table 7.1. 
We fix two index p suborders of 

1+j lH+ll/c N 



0+ = ( 1, Hi 



' 2 ' 2 



- = (hni 1 + Hi l + lK + i + * 



in the + and — genus respectively. Table 7.1 shows the maps from O-ideals to 
ternary quadratic forms of level ll 2 in the + genus and in the — genus, computed via 
+ - and 0~-subideals respectively. The actual coefficients of the ternary quadratic 
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a i 


a 2 


a 3 


&23 


CI13 


012 


+ 


1 


44 


132, 


—44 








Qt 


16, 


16, 


25! 


-4, 


-4, 


-12 


Qi 


5, 


36, 


36, 


28, 


4, 


4 


Qi 


4, 


12, 


121, 


0, 


0, 


-4 


Qi 


5, 


9, 


124, 


-8, 


-4, 


-2 


Qi 


4, 


33, 


45, 


-22, 


-4, 





Qi 


8, 


13, 


61, 


2, 


4, 


8 


Q2 


13, 


21, 


21, 


-2, 


-6, 


-6 


QI 


17, 


21, 


21, 


-2, 


-14, 


-14 


QI 


13, 


21, 


24, 


-16, 


-4, 


-6 



Table 7.2. Coefficients of ternary quadratic forms, level ll 2 . 



forms are given in Table 7.2, with the notation as in (1). 

7.1. /ha- By computing the Brandt matrices for 0, we find the space M(0)^ 11A 
tpQ (M(0)^ 11A ) of dimension 1, spanned by 



e AiA _ e /nA ~ ^6 



a, - a 2 



with heights \ e / 11A > e / 11A / = \ e /u A > e /n A / = Using table 7.1, we see that 

e L = Qi + 2 ®i + 2 ®i 3 ®i - 3 ^ 

and 

e 7n A = 2 ®1 + 2 ®2 + 2 ®3 - • 

Table 7.3 shows the values of Cf nA (c?) and L(/ha, —11c?, 1) = £(/i2iD, d, 1), where 
< d < 200 is a fundamental discriminant such that 11 \ d. The formula 

L(/iiA,-lld,l) - L(/i 2 i D ,d,l) = fc /llA C/ll ^ )2 
is satisfied, where 

k hm = \ ■ ^ 11A '^ 11A ) = 1.759399038662040141251585974= ^(/mD, 1). 
5 L(/iia,1)v11 

7.2. /i2ia- By computing the Brandt matrices for 0, we find the space M(0)^ 121A 
of dimension 2, spanned by 

e+ = 2[b 1 J-[b 1 , 2 ]-[b 1 , 3 ] + [b 1 , 4 ]-2[b 1 , 5 ] + [b 1 , 6 ] 

/l21A 2 

and 

_ [b ll2 ] - [b li3 ] - [b li4 ] + [b li6 ] 



e 



/l21A 2 
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J 

a 


c f (d) 

J121D v 7 


T ( £ 7 1 \ 

M./i2iD,a, 1) 


d 


Cf (d) 

J121D v ! 


M/i2iD,a, 1) 


1 


1 


1.759399 


113 


-1 


0.165510 


5 


-1 


0.786827 


124 


3 


1.421988 


12 


-1 


0.507895 


133 


2 


0.610237 


37 


1 


0.289243 


136 


-2 


0.603469 


Oo 


O 

-Z 


U.yOOOoo 


lo 1 


1 

-1 


A 1 FT AO i a 

U.lOUolD 


OD 


-2 


0.940438 


1/11 

141 


2 


A CH0^70 

0.592573 


60 


o 
3 


z.04423 / 


152 


-2 


A C7AOO/1 

0.5 /0824 


69 


-i 

-1 


a 01 1 oat 
0.21180* 


157 


1 
1 


A 1 A n A 1 c 

0.140415 


on 

89 


3 


1 r""70 A o o 

1. 678463 


168 


-2 


0.5429o2 


no 

92 


-1 


a 1 O O A OA 

0.183430 


177 


-7 


/I TAAOO 

6.479982 


no 
93 


1 
1 


A 1 OO A A 1 

0.182441 


1 01 

181 


1 


0.130775 


A*7 
9 ( 


-3 


l.bO* <59 


1 o c 

185 


o 
3 


1.164182 


1 a a 

1U4 


Z 


0.690093 


1 o o 

188 


2 


A CT 1 O0£? A 

0.513269 


d 


Cf (d) 

J121D v ' 


L(.f 121D,d, 1) 


d 


Cf (d) 

J121D v ' 


L(f 121D,d, 1) 


8 


2 


2.488166 


101 


2 


0.700267 


13 





0.000000 


105 


-2 


0.686799 


17 


2 


1.706868 


109 


-2 


0.674079 


21 


2 


1.535729 


120 


-2 


0.642442 


24 


-2 


1.436543 


129 


2 


0.619626 


28 


-2 


1 OOAAOI 

1.329981 


1 /I A 

140 


-2 


A C A /I *70 C 

0.594785 


29 





0.000000 


145 


-4 


2.337762 


40 


2 


1.112742 


149 


2 


0.576542 


41 


-4 


4.396351 


156 


-4 


2.253835 


57 


4 


3.728610 


161 


-2 


0.554640 


61 





0.000000 


172 


2 


0.536612 


65 


4 


3.491625 


173 


2 


0.535059 


73 





0.000000 


184 


-2 


0.518818 


76 





0.000000 


193 


4 


2.026309 


85 


-2 


0.763334 


197 


-2 


0.501408 



Table 7.3. Coefficients of 9t (top), Q f (bottom), and central 



values for /121D 



with heights (et ,et ) = 3 (e- , e, > = 3. Using table 7.1, we see that 

° \ J121A ' J121A / \ J121A ' J121A / ° ' 

®/i2iA = ot — + Qt ~ Oil 

and 

/i2iA = Qi ~Qz- 



Table 7.4 shows the values of c^ mA (d) and £(/i2iA, —lid, 1) = £(/i2ic, d, 1), where 
< d < 200 is a fundamental discriminant such that 11 \ d. The formula 

L(/i2iA,-lld,l) = L(/ 121c ,d,l) = fc A2 c J^t , Jl 



Vd [3 if (£)=-! 
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a 


c f («) 

J121C v ' 


T 1 £ 7 1 \ 

Mi i2ic, «, i) 


d 




M./i2iC«, !) 


1 


1 


l.bbbl57 


113 


i 


0.156739 


5 


1 


0.745128 


124 


-2 


0.598501 


12 


-2 


1.923912 


133 


-2 


0.577897 


37 


-1 


0.273915 


13b 


4 


A A o r A /I o 

2.285948 


oo 


1 


U.zzooD4 


lo 


-l 




5b 


-2 


A OAACAO 


1/11 

141 


2 


A K 1 A£; o 


a a 

bU 


-2 


A OCA/1AA 


152 


2 


A E /I A E TO 

U.54U5 r o 


£ A 

by 


A 



A AAAAAA 
U. 1)1)1)1)1)1) 


157 


A 



A AAAAAA 

u.uuuuuu 


DA 

89 


-i 
1 


A 1 '"TOO 1 A 

0.17bbl2 


lb8 


4 


A A E /"* T /I A 

2.056749 


A A 

92 


-2 


A z" 1 A /loot: 

0.694835 


1 TT 

177 


2 


A E AAA /I /I 

0.500944 


AO 


o 

z 


o.oyiuyu 


1 Q1 

lol 


Q 

-o 


111 /i<?nn 
1.1140UU 


AT 

97 


-1 

-1 


A 1 t!A1 TO 

0.1o91 (6 


1 o c 

loo 


1 
1 


A 1 A A A AO 

U.lzz498 


1 A A 

1U4 


-2 


0.b53521 


1 o o 

188 


rt 

2 


A /I O/ 1 A/ 1 O 

0.486068 


d 




Hhiicd, 1) 


d 




£(/l21C,d,l) 


8 





0.000000 


101 





0.000000 


13 


i 


1.38b32b 


105 





0.000000 


17 


-i 


1.212307 


109 


i 


0.478767 


21 





0.000000 


120 


2 


1.825183 


24 


-2 


4.081234 


129 


-2 


1.760363 


28 


2 


o. 778489 


1 /I A 

140 


-2 


1 £;OA*7AO 

1.689 (92 


29 


-1 


0.928193 


145 


-1 


0.415100 


40 


2 


3.161310 


149 


1 


0.409491 


41 


1 


0.780b30 


15b 


2 


1.600792 


57 


2 


2.b48255 


lbl 


2 


1.575739 


bl 


-2 


2.559954 


172 





0.000000 


b5 


1 


0.bl9984 


173 





0.000000 


73 


-2 


2.340107 


184 


2 


1.473969 


7b 


-2 


2.29345b 


193 


1 


0.359798 


85 


1 


0.5421b0 


197 


-1 


0.356126 



Table 7.4. Coefficients of 0f (top), 9, (bottom), and cen- 



tral values for /121c 



is satisfied, where 

k fl21A = \ ■ ^ 121A '^ 121 ^_ = 1.666156920394216089937692029 = M/121C !)• 

6 £(/l21A, 1)V 11 



7.3. /i2iB- By computing the Brandt matrices for 0, we find the space M(O)-^ 
of dimension 2. Using table 7.1, we can check that 

e 0+ (m(6) /i2ib ) = e _ (m(6) /i2ib ) = o, 

which is expected since £(/i2iB, 1) = 0. 
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7.4. /121c. We readily find the space M(6) /l21c = ip (M(6) /l21A ) of dimension 2, 
spanned by 

e+ = _ = 2[b 1;1 ] - [b lj2 ] - [b 1>3 ] - [b 1>4 ] + 2[bi, 5 ] - [bi, 6 ] 
/121c /121c 

and 



with heights (e^ l2ic , e / 12ic ^ = ^ e / 12ic ' e /i 2 ic) = ^" Using table 7.1, we see that 

e Lc = - Q + - <2 + + Qt, 

and 

®/i2ic = ^! ~ ^2 ~ • 

Table 7.5 shows the values of Cf (d) and £(/i2iC, — Hd, 1) = £(/i2iA, d, 1), where 
< d < 200 is a fundamental discriminant such that 11 f d. The formula 

L(/i2ic,-Hd,l) = i(/i2iA,d,l) - fc /l21c C/l2 ^ )2 
is satisfied, where 

fc /l2ic = i • ^ 121C ^ 121C ^_ = 1.019794861782916556837117278 = L(/i 2 ia, 1). 
6 L(/i2ic, l)vll 



7.5. /121D. We readily find the space M(6) /l21D = ip (M(6) /ua ) of dimension 1, 
spanned by 



+ . f [ai]-[az] \ 
e /m D = ^°^6 [ 2 J 



with height \ e / 121D J e / 121D / = 15- Using table 7.1, we see that 

e} 121D = Qt + 2Q 2 + - 2Q+ -Q+- 3Q+ + 3Q+; 

on the other hand 6 - = 0, which is expected since c(/iia) = +1. 

Table 7.6 shows the values of c / 121D (d) and L(/i 2 id, —lid, 1) = L(/ha, d, 1), where 
< d < 200 is a fundamental discriminant such that (y^) = +1. The formula 

L(/i2iD,-Hd,l) = L(/iiA,d,l) = fc /l21D C/l2 ^ )2 
is satisfied, where 

fc f, 2 ,D = ■ ^ 121D '^ 121 °L = 0.2538418608559106843377589233 = L(f 11A , 1). 
il21D 300 L(/i2i D ,l)v^T 
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J 

a 


c f (d) 

J121A v J 


T 1 £ 7 1 \ 

M/i2iA,a, 1) 


d 


Cf (d) 

J121A v ; 


M/i2iA,a, 1) 


1 


1 


1.019795 


113 


-1 


0.095934 


5 


-1 


0.456066 


124 


-6 


3.296890 


12 


2 


1.177558 


133 


2 


0.353710 


37 


-5 


4.191331 


136 


-2 


0.349787 


£0 
OO 


i 
i 


n 1 /i noon 
U.14UU8U 


lo 


o 


A OA Q C AO 


5b 


-2 


a c /i c 1 no 
0.545103 


1/11 

141 


2 


f\ O AO C OA 

U.3435zy 


60 


6 


4.739578 


152 


-2 


A OOAO^C 

U.ooUobo 


69 


-4 


1 AC A OAO 

1.964302 


157 


4 


i OAOOi a 


on 

89 


-3 


0.972882 


168 


4 


l.ZOOODZ 


no 

92 


2 


0.4z5z84 


177 


2 


A Of\£Z£ 1 A 


ao 
93 


o 
-Z 


o.4zzyyi 


181 


1 
1 


A ATC OA 1 

U.075o01 


9 r 


-6 


A AOI AAA 

o.y^iyuu 


1 o c 

loo 


o 
3 


A £?T A 7A 1 

U.b74/yi 


1 a /i 

104 


A 

-4 


1 CAAAOT' 

1.599986 


1 o o 

188 


2 


A OATCAC! 

0.297505 


d 


Cf (o) 

J121A v ' 


i(/l21A, rf, 1) 


d 


Cf (d) 

J121A > 


L(fl21A,d, 1) 


8 


2 


1.442208 


101 


2 


0.405894 


13 


3 


2.545562 


105 


4 


1.592349 


17 


-1 


0.247337 


109 


1 


0.097679 


21 


-4 


3.560600 


120 


-2 


0.372376 


24 


-2 


0.832659 


129 


2 


0.359152 


28 


-2 


A *7*7AOAO 

0.770892 


1 A A 
140 


-2 


A O /) /) 7C /I 

0.344^54 


29 


3 


1.704340 


145 


5 


2.117234 


40 


-4 


2.579900 


149 


-1 


0.083545 


41 


-1 


0.159265 


156 


2 


0.326596 


57 


-2 


0.540301 


161 


-2 


0.321484 


61 





0.000000 


172 


8 


4.976552 


65 


1 


0.126490 


173 


2 


0.310134 


73 





0.000000 


184 


10 


7.518027 


76 


6 


4.211226 


193 


-5 


1.835161 


85 


-5 


2.765307 


197 


1 


0.072657 



Table 7.5. Coefficients of 6t (top), f (bottom), and cen- 



tral values for /121A 



8. Example: level 17 2 

Let H = H(— 17, —3), the quaternion algebra ramified precisely at 00 and 17. A 
maximal order, and representatives for its left ideals classes, are given by 

, n A • 1+i 3^ + 2j + fc\ 

a z = {2^, , y 



Its index p suborder is given by 
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7 

a 


c uJ d ) 


L{juA,d,l) 


a 


c f (a) 

JllA v ' 


T 1 £ 1 1 N 

M/iia,<z, 1) 


1 


1 


0.253842 


113 


-5 


0.596986 


5 


-5 


2.838038 


124 


-5 


0.569892 


12 


-5 


1.831946 


133 


10 


2.201088 


61 


r 

5 


1.043284 


136 


1 A 
10 


Z.lYOD (0 


53 


10 


3.486786 


137 


-5 


0.542179 


56 


10 


3.392105 


141 


-10 


2.137734 


60 


-5 


0.819271 


152 


-10 


2.058929 


69 


15 


6.875768 


157 


-15 


4.558227 


89 


-5 


0.672680 


168 


10 


1.958432 


92 


-5 


0.661621 


177 


5 


0.476998 


93 


5 


0.658054 


181 


-15 


4.245281 


97 


5 


0.644343 


185 


-5 


0.466571 


104 


10 


2.489124 


188 


-10 


1.851332 



Table 7.6. Coefficients of Bt and central values for /ha 



0+ = ^1, 17*, 
0" = (l,17i, 



inequivalent O-subideals for each 0-ideal are show in Table 8.1. 
We fix two index p suborders of 

l + 17j 3 + 33i + 17j + /j N 

2 ' 6 
l + 17j 3 + 99i + 17j + k 
2 ' 6 

in the + and — genus respectively. Table 8.1 shows the maps from 0-ideals to 
ternary quadratic forms of level 17 2 in the + genus and in the — genus, computed via 
+ - and 0~-subideals respectively. The actual coefficients of the ternary quadratic 
forms are given in Table 8.2, with the notation as in (1). 

8.1. /i7A- By computing the Brandt matrices for 0, we find the space M(0)^ 17A = 
tpQ (M(0)^ 17A ) of dimension 1, spanned by 



e /i7A _ e /i7A _ 



with heights \ e / 17A j e / 17A / = \ e /i 7A ' e /i 7A / = Using table 8.1, we see that 

e L = 3 ®t + sQt - Qt - 2 Qi - 2 Qt - tQi - 2<#, 

and 

e 7™ = 3 ^r + 6Q 2 " - 2Qg - 2Q 4 - - 2Q 5 " - 2Q 6 " - Qf. 

Table 8.3 shows the values of Cj i7A (<i) and £(/i7A, — 17d, 1) = L(/289A, —d, 1), where 
> — d > —200 is a fundamental discriminant such that 17 \ d. The formula 



£(/l7A, -17d, 1) = L(/ 2 89A, -d, 1) = k h . 



Vd 
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O-ideals O-subideals 



genus — genus 



f»i,i = 

f>l,2 = 

&i,4 = 

Ks = 

&i,6 = 



17, i, 2 



l+j 36+3i+2j+fc 
6 



17 i 25 +3 84+3f+2j+fc 

J- ' 1 *1 O , g 



2 

21+3 



17, i 
17, i 



2 

31+3 



' ' ' 2 

23+3 



■ ' • 2 

29+3 



42+3i+2.j+fc 
6 

96+3j+2j+fc ' 
6 

12+3i+2j+fc ' 
6 

24+3i+2j+fc 
6 



n 



n 



Qt 



Qt 



b 2 ,z = 



U2,3 — 
&2 :4 = 

Ks = 
Kv = 

62.8 = 

62. 9 = 
f>2,10 = 

b z ,ii = 

t>2,12 = 

62.13 = 

62.14 = 



' 9 9 • 3+2i+17j 9+9i+17j + fc 
4,41, 2 , g 

34 2i 55+2 '+J 144+3i+2j+fc \ 
'o 4 9- 59+2i+j 84+3^+23 + fc ' 

0<±, Zt, 2 ! g 



34, 2z 



35+2-t+j 36+3i+2j+fc 



34 2z 7 + 2i +J 48+3i+2j+fc \ 
'o 4 9- 27+2t+3 156+3i+2j+fc ' 

Ol, il, 2 1 g 

S/1 9i 67+2^+3 168+3i+2j+fc ' 
0<±, zt, 2 ' 6 

'o 4 9 - 43+2i+3 120+3i+2j+fc ' 
o<±, Zt, 2 i g 

34 2i 47+2 '+J 60+3i+2j+fc ' 



34, 2i. 
34, 2i. 
34, 2i. 



34, 2i. 



"2,15 - 

&2,i6 = ( 34.2/. 

f>2,l 7 : 

62,18 = (84.2/. 



2 ' 


6 v 7 


51+2»+j 


3«+23 + fe \ 


2 


' 6 / , 


63+2i+j 


24+3i+2j+fc \ 


2 


6 / 


23+2i+3 


12+3i+2j+fc \ 


2 


6 / 


31+21+3 


96+3i+2j+fc \ 


2 


' 6 / 


19+2i+3 


72+3i+2j+/c \ 


2 


' 6 / 


15+2i+3 


132+3i+2j+/s 


2 


6 


3+2i+3 


108+3i+2j+fc \ 


2 ' 


6 / 


11+21+3 


192+3i+2j+/s 


2 


' 6 


39+2i+3" 


180+3i+2j+/s 



Qt 
Qt 



n 



Qt 
Qt 



Qt 

Qt 
Qt 
Qt 
Qt 
Qt 
Qt 
Qt 
Qt 
Qt 
Qt 
Qt 
Qt 



Table 8.1. Maps 6o+ and 0q- from the O-Ideals to ternary 
quadratic forms in the + and — genus respectively, level 17 2 . 



satisfied, where 



^/l7A — 



1 (/l7A; /l7A) 

2 ' L(/i 7A) l)VU 



1.331879106385216159220474762. 
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a i 


02 


a 3 


&23 


CI13 


a 12 




A 

4 , 


01, 


luo, 


"?zL 
— 0^, 


A 

— 4 > 


n 
u 


n+ 


10, 




/i 7 
4 ' , 


9/1 


1 n 

1U, 


A 
*± 




A 

4 , 


oz, 


1 m 

IUO, 


oD, 


4 7 


A 




10, 


oO, 


4 ' , 


— lo, 


1 n 

-1U, 


1 A 

— 1^ 


Of 


s 


43 


60, 


— 16, 




-4 


Qi 


16, 


32, 


47, 


-24, 


-4, 


-12 


Qi 


15, 


16, 


100, 


-12, 


-4, 


-12 


QI 


7, 


11, 


292, 


-8, 


-4, 


-6 


Q2 


23, 


28, 


40, 


20, 


12, 


20 


Qz 


7, 


39, 


79, 


30, 


6, 


2 


Ql 


12, 


23, 


75, 


-10, 


-8, 


-4 


QI 


7, 


20, 


147, 


-8, 


-6, 


-4 


Ql 


27, 


28, 


39, 


4, 


26, 


24 


Qr 


3, 


23, 


295, 


-22, 


-2, 


-2 



Table 8.2. Coefficients of ternary quadratic forms, level 17 2 . 



8.2. / 289 A. We readily find the space M(6) /2a9A = ip (M(6) /l7A ) of dimension 1. 
Using table 8.1, we can check that 

e + (M(6) /2st>A ) = e - (M(6) /2st>A ) = o, 

which is expected since £(./289A, 1) = 0. 

9. Example: level 19 2 

Let H = H(— 1, —19), the quaternion algebra ramified precisely at 00 and 19. A 
maximal order, and representatives for its left ideals classes, are given by 

1 + j i + k" 



= = ( l,t 



2 ' 2 



, , „ . 3 + 2i + j 2 + Zi + k 
a z = < 2,2i, , 



Its index p suborder is given by 

6 = /i,i9 i ,l±i.^±* 



inequivalent O-subideals for each 0-ideal are show in Table 9.1. 
We fix two index p suborders of 

0+ = /l,19, 1+ - 7 m+Wh 



2 ' 2 

( I.19i,l±^, l9j+l8j, + fc 



in the + and — genus respectively. Table 9.1 shows the maps from 0-ideals to 
ternary quadratic forms of level 19 2 in the + genus and in the — genus, computed via 
+ - and 0~-subideals respectively. The actual coefficients of the ternary quadratic 
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7 

a 


( A\ 

/2S9A ^ ' 


T ( £ 7 1 \ 

M/289A, -Oj 1) 


a 


c, (a) 
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1 A C 
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L{j289A,-d,l) 


d 


/289A ^ ' 


r / £ 7 1 \ 

M/289A, -a, 1) 
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-1 


0.768961 


95 


-4 


2.186367 
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-1 


0.503403 
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1.158819 


11 


3 


3.614190 


116 


2 


0.494647 


20 


-2 


1.191269 
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-3 


1.047301 


23 


-i 
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0.277716 


1 OA 

139 


-i 

-1 


A 1 1 OAfJA 

0.112969 


24 


2 


1.087475 


143 


-2 


0.445509 


31 


-1 


0.239213 


148 


-2 


0.437919 


39 


-4 


3.412341 


159 


2 


0.422500 


40 


2 


0.842354 


163 


7 


5.111720 


56 





0.000000 


164 


-4 


1.664037 


71 


3 


1.422585 


167 


-1 


0.103064 


79 


-1 


0.149848 


184 


-8 


6.283996 


88 


-2 


0.567915 


199 


1 


0.094414 


91 


-2 


0.558475 









Table 8.3. Coefficients of Ot (top), 6^ (bottom), and central 



values for /289A 



forms are given in Table 9.2, with the notation as in (1). 

9.1. /i9A- By computing the Brandt matrices for 0, we find the space M(0)/ 19A 
tpQ (M(0)^ 19A ) of dimension 1, spanned by 



J19A /l9A r O I 2 / 



with heights (e~f 19A , e / 19A / = \ e /i 9A > e /i 9A / = Using table 9.1, we see that 

e L = Qt + 2 ®1 + 2 ®t + 2 ®t + + Qt 

— Q-j — 2Q 8 — 2Q 9 — 2Q 10 — 2Q X1 — Q\i, 
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O-ideals 


O-subideals 


X 


+ genus 


— genus 


di 


bi,i = 


(1,19*, L V Wl , +k ) 


+ 


Qt 


Qi 






(19,14 + z, 19 + j , 14+ o +fe ) 


+ 


Qt 


Q2 




bi , = 


\ ' 1 ' 2 ' 2 / 


+ 


Qt 


Q3 




bi /i = 

^ 1,4 


(19,17 + i, 19 + J , 36 + i+fe ) 

\ ' ' 5 2 ' 2 / 


+ 


Qt 


Q4 




b, 5 = 


(19, 15 + i, 19 + j , 34+ j +k ) 

\ ' ' 2 ' 2 / 


+ 


Qt 


Q5 




bi a = 


(19,16 + i 19 + j 16 +j+ k ) 





Qt 


Q4 




b, , = 


(19,11 + i 19 + J , 30 +! +fe ) 

\ ' ' 2 ' 2 / 





Qt 


Q5 




b, s = 


(19,1 + z, 19+ V 0+ o <+fe ) 
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Qt 


Qi 




&x g — 


(19,7 + i, 19 2 +J , 26 + l+fe ) 





Qt 


Q2 




b i i n = 
v l,10 


\ ' ^ ' 2 ' 2 / 





Qt 


Q3 


a 2 


v 2,1 


(38 2 + 2i by +^+J 22+3i+fc\ 


+ 


Qt 


Qe 




v 2,2 


(38 14 + 2i n+2t +J 2+3i+fe\ 


+ 


Qt 


Qi 




b, , = 


(38 12 + 2i i8+s<+fc\ 


+ 


Qt 


Qs 




bz 4 = 


(38,26 + 2i, 7+2'+j 58+3i+fe\ 


+ 


Qt 


Qq 




b, E = 


(38 24 + 2i 43 + 2,+J , 74 +f t ) 


+ 


Qt 


Qio 




b 2 .6 = 


(38,36 + 21, 55+1^54+3*+*^ 


+ 


Qt 


Qe 




b, , = 


(38,16 + 2i, 35 + 2l+ V 2+3 *+' £ ) 


+ 


Qt 


Qr 




b i s = 


(38 6 + 2i 63 + 2 ^' 66+3i+fe\ 


+ 


Qt 


Qs 




bz g = 


(38 32 + 2i Bi+M+j io+s<+fc\ 
= (38,22 + 2z, 3 ™', i4+3«+fe) 


+ 


Qt 


Qq 




b 2 ,i = 


+ 


Qt 


Qio 




bzai = 


,(38,18 + 2z, 75+2 ^, 46 + 3i +' £ ) 


— 


Qio 


Qs 




bz,12 = 


= (38,34 + 2z, iB+|i+j } 70^i+fcJ 




Qto 


Q9 




bz,i 3 = 


,(38,30 + 2z, ii+2^ ; 26+3,+^ 




Qti 


Qio 




bz,i 4 = 


= (38,2i, 19+2i+ ^ 38 +^+ fe ) 




Ql2 


Qs 




bz,i 5 = 


= (38,8 + 2i, 27+ f H V 0+ * +fc ) 




Qti 


QT 




bz,i6 = 


,(38,4 + 2z, 23+2 ^, 6+3 :+ fe ) 




Qio 


Qs 




bz,i 7 = 


= (38,20 + 2z, 39 +f +J , 30 +f+' £ ) 
,(38,10 + 2z, 67+24+ V 4 + 3 *+' £ ) 




Qio 


Qo 




bz,i8 = 




Qti 


Qio 




bz,i 9 = 


= (2,38i, 3+3 2 8 ^, 2+19i+fe ) 




Ql2 


Qs 




bz,zo = 


= (38,28 + 2 t , 47+24+J , 42 + 3i +' £ ) 




Qti 


QT 



Table 9.1. Maps O + and Qq- from the (D-Ideals to ternary 
quadratic forms in the + and — genus respectively, level 19 2 . 



and 



67 MA - 2Q- X + 2Q 2 - + 2Q 3 - + 2Ql + 2Q^ 
- 2Q 6 - - 2Qf - 2Q 8 - - 2Q 9 - - 2Qro- 



Table 9.3 shows the values of c^(d) and L(fig/\, — 19d, 1) = L(f^ie, d, 1), where 
< d < 200 is a fundamental discriminant such that 19 \ d. The formula 

L(/i 9A , -19d, 1) = L(/36ib, d, 1) = fc /l9A C/l ^ 
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29, 


29, 


37, 
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Qs 


13, 


48, 


48, 


20, 


8, 


8 


Ql 


29, 


32, 


32, 


-12, 


-8, 


-8 


Q 5 " 


29, 


29, 


41, 


-14, 


-14, 


-18 


Q & 


21, 


32, 


53, 


-20, 


-14, 


-16 


Qt 


29, 


32, 


37, 


-28, 


-6, 


-8 


Qs 


12, 


13, 


184, 


-12, 


-4, 


-4 


Q9 


8, 


29, 


124, 


20, 


4, 


4 


Qw 


21, 


29, 


53, 


26, 


14, 


2 



Table 9.2. Coefficients of ternary quadratic forms, level 19 2 . 



is satisfied, where 

k fl9A = % ■ ^ 19A ' f 19A j_ = 1.893639859594845381072872862 = L(/ 36 ib, 1). 
3 L(fi9A, l)v 19 



9-2. /36iA- By computing the Brandt matrices for 0, we find the space M(0)^ 361A 
of dimension 2. Using table 9.1, we can check that 

e + (m(6) /36ia ) = e _ (m(6) /36ia ) = o, 

which is expected since L(/36iA, 1) = 0. 



9.3. ./361B- We readily find the space M(6) /361B = ip (M(6) /l<!A J of dimension 1, 
spanned by 

e /3 61B = ^ ^6 [ 2 J' 



20 
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Table 9.3. Coefficients of Ot (top), 6j (bottom), and central 



values for f 361B 



with height 



J361B ' e /361B 



= 15. Using table 9.1, we see that 



e /3 61B = Qt + 2 Qt + 20.1 - 2Q| - iQt - Qt 

- Q+ - 2Q+ - 2Q+ + 2Q+ + 2Q+ + Q 



+ . 

12» 



on the other hand 9q- ^M(0)* 361B J = 0, which is expected since c(/i9a) = +1- 
Table 9.4 shows the values of c^ iB (d) and Z/(/36iB, — 19rf, 1) = L(fig/\,d, 1), where 
< d < 200 is a fundamental discriminant such that (^) = +1. The formula 

c/ 361B (c0 2 



£(./361B, ~l9d, 1) = i(/l9A, d, 1) = k f . 



361B 



Vd 
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a 


c f (a) 

V19A v 7 


T ( £ 1 1 N 

M./i9A, a, 1) 


a 


c f (a) 

J19A v ' 


T 1 £ 1 1 N 

M/i9A,a, 1) 


1 


1 
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104 
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Table 9.4. Coefficients of 0f and central values for Aqa 



is satisfied, where 

fc /36iB = 7^ ' ^^ 361B, ^ 361 ^L = 0.4532532444961036035788391869 = L(/i9A, 1). 
540 Z/(/ 36 ib, 1)V19 
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